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Abstract : A modal wavelet transform, which overcomes the intrinsic data number limitation of 
power of two to conventional wavelet transform, has been applied to analysis of axial and eddy 
pseudo velocity fields, standard PIV velocity field and experimental PIV measurement. The 
modal wavelet transform is compared with the discrete wavelet transform in order to select the 
optimum basis function among Neumann, Dirichlet and Green function types basis functions. 
Consequently, it is verified that Neumann type function is the best basis because the correlation 
of Neumann type basis function is higher and the root mean square is lower than the other basis 
functions. Also, the decomposition vector patterns by Neumann type are similar to that by 
conventional Daubechies basis function of 4th order. 

Keywords : Modal wavelet transform, Discrete wavelet transform, PIV, Image analysis, Wavelet 
basis. 

1. Introduction 
PIV (Particle Image Velocimetry) is utilized widely and generally as an measurement technology for 
visualizing the velocity distribution of fluid flow (Christensen et al., 2005; Kim et al., 2004). From the 
obtained velocity distribution by the PIV, the more accurate analysis is also performed by extracting 
the features of the more detailed flow structure, or removing the noise. The continuous wavelet 
transform (Farge, 1992) has been utilized as a method of the noise removal and a method of 
extracting the features of the detailed flow field from a PIV image. For example, Camussi (2002) 
performed characteristic extraction of eddy structure by using the continuous wavelet transform 
based on the Mexican hat function for a PIV velocity distribution of a jet. Schram et al. (2004) 
performed characteristic extraction of eddy structure by using the continuous wavelet transform 
based on the Maar function for a PIV velocity distribution of back step flow. Özsoy et al. (2005) 
performed characteristic extraction of eddy structure by using the continuous wavelet transform 
based on Maar function for a PIV velocity distribution of a cavity flow. However, the velocity field 
cannot be analyzed in a multiresolution level since this continuous wavelet transform is not an 
orthonormal. Therefore, recently the discrete wavelet transform that can perform multiresolution 
analysis at each frequency has been developed (Hernandes et al., 1996). For example, Li et al. (1999) 
removed the noise and extract the flow structure by using discrete wavelet analysis based on the 
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Daubechie function for the concentration jet image, whereas Weng et al. (2001) removed the noise by 
using the discrete wavelet transform that based on the Mallat function for the PIV velocity 
distribution. Li et al. (2002) performed the characteristic extraction by using the discrete wavelet 
transform for a PIV velocity distribution of lobbed jet. 

As mentioned in the above, wavelet transform is very effective to extract characteristic of 
detailed flow structure from a PIV velocity distribution. However, there is a disadvantage that it is 
impossible to use the discrete wavelet transform if the number of the analyzed data is not power of 
two. In order to solve this disadvantage, Saito (2002) made the basis function by the modal matrix 
obtained from the governing equation of an image, and proposed a new wavelet transform, called 
modal wavelet transform. The modal wavelet was applied to the electromagnetic field analysis even 
if the number of data is not power of two (Endo et al., 2002). 

In this study, the effectiveness of the modal wavelet transform in comparison with the discrete 
wavelet transform is evaluated. A modal wavelet transform and a discrete wavelet transform are 
conducted to pseudo, standard and experimental vector PIV images of 16 pixel ×16 pixel. It aims to 
select the most effective basis function of the modal wavelet transform in comparing each basis 
function from the result of integrated multiresolution. 

2. Theory of Modal Wavelet Transform 
2.1 Derivation of Basic Equation 
The Poisson equation is assumed as the governing equation of image by Saito (2002): 

σ−=∇ε U2 . (1) 
Where � is a middle parameter of the image, U is the scalar potential and � is the source densities of 
the image of Laplace operator. Because scalar potential U of a pixel in the Eq. (1) is continuous 
quantity, it can be discretized by the differential calculus system and integral calculus system. As 
differential calculus system, the finite three points difference method that assumed a pixel position a 
node is used. When each image pixel is described for the scalar potential U related to the space 
differential calculus, the Eq. (2) can be obtained: 
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where x is a node (x = 1, 2, ... , n-1, n) and h is the distance between nodes. When the Eq. (2) is shown 
in one dimensional matrix of the image data, the Eq. (1) can be written as  

SU =L  (3) 
When this Eq. (3) is applied to the two dimensional image data, the Eq. (3) can be shown as the Eq. 
(4): 

SLULT =  (4) 
T indicates the transpose matrix. Because the image U has the nx  × ny pixel in the row and column, L 
is the symmetric matrix of the row nx and the column ny with a characteristic of normal value as the 
Laprashian and the coefficient matrix, S is an image of the source density with the pixel of nx  × ny. As 
a boundary condition of coefficient matrix L, the condition is shown in two types which are the 
Diricret and the Neumann types. On the other hand, because the boundary value problem of liner 
differential equation is changed to an integral equation by using the Green function, the Eq. (1) can 
be given as 

( ) drrg1U � σ
ε

=  (5) 

Because the Green function g (r) in the Eq. (5) becomes infinite when the function is g (0), the 
minimum distance is assumed to ri,j = 1, and the initial condition is assumed to the Eq. (6). 
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Here, i and j indicate the distance between the source (i = 1, 2, ... , n-1, n ) and the reference (j = 
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1,2,…,n-1,n ). When the Eq. (6) is discritized and expressed in matrix, the equation can be shown as 
SU G=    , SU =−1G  (7) 

When an image is nx × ny pixel in the row and column, G-1 is the symmetric matrix of the row nx and 
the column ny, and the coefficient matrix that has the characteristic of a normal value. In addition, 
when this Eq. (7) is applied to the two dimensional image data and displayed in the matrix, this 
equation can be shown in: 

SGUG T11 =−− )(  (8) 
The discrete wavelet transform that is represented by typical Daubechies basis function has a 
characteristic shown as 

IWW T =  (9) 
where W is the orthonormal basis function. I is the unit matrix having the same order as the basis 
function W. When the scalar potential U has “a’’ element, there are “a” orthonormal eigen value �i (i = 
1, 2, …, n -1, n) because the coefficient matrix L and G-1 are positive definite symmetric matrix, And 
there are eigen vector vi (i = 1, 2, …, n-1, n) corresponding to the eigen value �i. Here, this eigen vector 
is a column vector. The modal matrix W can be shown as 

[ ] [ ]Ti,a2i,1i,ia1a21 vvv, �� == − vvvvvW  (10) 

Here, because the modal matrix W in the Eq. (10) is the orthonormal system, it has a characteristic 
shown in Eq. (9). 

The modal matrix W consisting of the eigen vector as the column vector can be used as the 
basis function of the discrete wavelet transform. The wavelet transform that uses this modal matrix 
as a basis function is called a modal wavelet transform (Saito, 2002). In the basis function of the 
modal wavelet transform, there are three types of the Neumann type, the Dirichlet type calculated 
by the differential calculus system of the Eq. (4), and the Green function type calculated by the 
integral calculus system of the Eq. (7) . The basis functions to nx × ny = 16 pixel × 16 pixel are shown 
in Figs. 1(a)-(c). The typical discrete Daubechies basis function of 4th order is shown in Fig. 1(d).  
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Fig. 1. Basis Functions of modal wavelets. 

 
 
2.2 Characteristics of Basis Function and Multiresolution 
The characteristics of the modal wavelet transform are examined by the Fourier transform for the 
wave shape of the basis function. The Fourier spectrum of the modal wavelet basis function is shown 
in  Figs. 2(a)-(c), and the Fourier spectrum of typical discrete Daubechies basis functions of 4th order 
is shown in Fig. 2(d). The Fourier spectrum of typical discrete wavelet transform decreases the peak 
position and it changes to the high frequency when its level increases. On the other hand, the Fourier 
spectrum of the modal wavelet transform dose not decrease the peak position and it changes to a 
higher frequency when its level increases. In addition, the resolution between the level of modal 
wavelet is more than that of typical discrete wavelet. Table 1 shows the relationship of the peak 
frequency at each level by the Fourier transform. These levels are equivalent to each peak frequency 
1/16, 2/16, 4/16, and 8/16 pixel from Table 1. 

When U is a two dimensional vector velocity data, the x component is Ux, and the y component 
is Uy, each modal wavelet transform can be expressed by 
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The inverse modal wavelet transform can be given by the Eq. (12): 
WSWU,WSWU y

T
yx

T
x ==  (12) 

Because the modal wavelet transform is the orthonormal transform, the multiresolution analysis can 
be expressed by 
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Where WTSx1W and WTSy1W show the level 1 that is the lowest frequency, and WTSxnW and WTSynW 
show the level n that is the highest frequency level. Based on the Eqs. (13) and (14), the integrated 
multiresolution is defined as  
 

Integrated Level 2= WTSx1W + WTSx2W  , WTSy1W + WTSy2W (15) 
Integrated Level 3= WTSx1W + WTSx2W + WTSx3W  , WTSy1W + WTSy2W + WTSy3W  (16) 
: 
Integrated Level n= WTSx1W + ··· + WTSxnW, WTSy1W + ··· + WTSynW   (17) 

 
The Neumann, the Diricret and the Green function types shown in Fig. 1 are used for the basis 
function in the modal wavelet transform. The Daubechies basis function of 4th order is used as a 
typical discrete wavelet transform. The integrated multiresolution were carried out by using Eq. (17) 
as a method of comparing these basis functions. The correlation coefficient CL and the root mean 
square RMSxL and RMSyL of the x and y components are calculated by the result of the integrated 
multiresolution. L shows the number of integrated resolution level of the integrated multiresolution. 
CL,RMSxL and RMSyL  can be defend as 
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Where,       shows the (i, j ) value of L integrated level image decomposed by the integrated 
multiresolution, Uorigin shows the (i, j ) value of an original PIV image which consist of U and U’. nx 
and ny are the space resolution in x and y directions. i and j show the pixel value of the image in the x 
and the y directions, nx and ny show the numbers of pixels of the image in the x and y directions. In 
this study, nx  = 16,ny  = 16 and L = 1 to 16. 
 
 
 
 
 

 
(a) Neumann          (b) Dirichlet                (c) Green Function   (d) Daubechies 4th order 

 
 
 
 

Fig. 2. Fourier spectrum of modal wavelet transform. 
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Table 1. Relationship between wavelet level and peak frequency. 
Neumann, Dirichlet, Green Functions Daubechies function of 4thorder Peak frequency of Fourier 

transform [1/Pixel] 
Level 1 Level 1 1/16 
Level 2, 3 Level 2 2/16 
Level 4, 5 - 3/16 
Level 6, 7 Level 3 4/16 
Level 8, 9 - 5/16 
Level 10, 11 - 6/16 
Level 12, 13 - 7/16 
Level 14, 15, 16 Level 4 8/16 

3. Comparison of Basis Functions by Pseudo Velocity Field 
3.1 Multiresolution Analysis of Axial Flow 
A pseudo velocity field of axial flow is shown in Fig. 3 based on the followin equation: 

'UUU +=  (20) 
In the figure, velocity fluctuation U  are added to uniform axial flow U in the y direction. The uniform 
axial flow in the direction of y is the 16 pixel × 16 pixel vector image whose x component defined as 
0.0, y component as 1.0. The x and y components are the 16 × 16 vector image that is random real 
number in 0.0 from 0.25. The basis functions in the modal wavelet transform are compared by 
CL,RMSxL and RMSyL. The multiresolution based on Neumann, Diricret, Green function types and 
Daubechies basis function of 4th order are shown in Figs. 4(a) - (d). These results indicate the levels 1 
and 3 in the modal wavelet multiresolution and the levels 1 and 2 in the Daubechies basis function of 
4th order representation. Each basis function extracts dominant flow pattern from the low frequency 
to the high frequency components. When it is examined in detail in the Neumann type of Fig. 4(a) 
and Daubechies basis function of 4th order of Fig. 4(d), the main component is extracted in the level 
1 ; moreover, the small values are noticed at the level 3 in Fig. 4(a-2) and level 2 in Fig. 4(d-2). On the 
other hand, in the Diricret type of Fig. 4(b) and the Green function type of Fig. 4(c), it is noticed that 
the main component is not extracted at the level 1. In addition, at the level 3, it is evident that there 
exists a component that the former pseudo velocity field is not supposed to have. 

Next, CL calculated from the integrated multiresolution is shown in Fig. 5. As a result, CL 
obtained from the Neumann type and the Daubechies basis function of 4th order indicates 
particularly the high correlation value. This indicates that the full range frequency components are 
accurately extracted. On the other hand, CL obtained from the Diricret type and the Green Function 
types exhibit low value from the level 1 to 7. This shows that the low frequency component is not 
accurately extracted. And RMSxL and RMSyL calculated by the integrated multiresolution are shown 
in Figs. 6(a) and (b). With regard to RMSxL, the Neumann type and Daubechies basis function of 4th 
order show the low value. This result indicates that the low frequency component is accurately 
extracted. On the other hand, RMSxL in the Diricret type and the Green function type shows that the 
high value from the level 1 to 7. With regard to RMSyL the Neumann type and the Daubechies basis 
function of 4th order shows low value from the level 1 to 11. This result shows that the low frequency 
component is accurately extracted. On the other hand, RMSyL of the Diricret and the Green function 
types show the extremely high value from the level 1 to 7. This result shows that the low frequency 
component is not accurately extracted. As a result of analyzing pseudo axial flow, the Neumann type 
maybe considered as the optimum basis function because the Neumann type has similar 
characteristic to Daubechies basis function of 4th order, whereas the Diricret and Green function 
types have the lower CL and the higher RMSL, especially in the low level.  
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3.2 Multiresolution Analysis of Eddy 
The pseudo velocity field of eddy is assumed as 

'UUU +=    ,   

�
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� π
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16
9cos

16
9sin  (21) 

where, i and j are respectivery x and y pixel position, U’ is x and y fluctuation components of the 16 
pixel × 16 pixel  random noise from 0.0 to 0.25. The i distribution is shown in Fig. 7. The 
multiresolution results calculated by Neumann type, Diricret type, Green function type and 
Daubechies basis function of 4th order are shown in Figs. 8(a) - (d). These figures indicate the levels 1 
and 3 of the modal wavelet transform and the levels 1 and 2 of the discrete wavelet transform, 
respectively. The low to high frequency components are extracted by the decomposition of the pseudo 
eddy for all basis functions. Moreover, The component that the original velocity field dose not have is 
not shown in the level 1. It is understood that there exists a component that the pseudo eddy is not 
supposed to have. 

Next, CL calculated from the integrated multiresolution is shown in Fig. 9. CL obtained from 
the Neumann type and the Daubechies basis function of 4th order indicate low correlation from the 
level 1 to 7. More than the integrated level 9 in each type CL is almost same RMSxL and RMSyL 
calculated by Eq. (19) are shown in Figs. 10(a) and (b). RMSxL and RMSyL show the similar value 
irrespective of the integrated level for all basis functions. 
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(a) Neumann                                   (b) Dirichlet 
 
 
Fig. 7. Pseudo eddy 
velocity field. 
 
 
 
 
 
                                       (c) Green Function              (d) Daubechies function of 4th order 

Fig. 8. Multiresolution of pseudo eddy. 
 
 
 
 
 
 
 
 
 
 
 
 

(a) Root mean square of                (b) Root mean square of 
                                                  x component                                   y component 
                                                      Fig. 10. RMS of integrated multiresolution of pseudo eddy. 
3.3 Standard PIV Velocity Field 
The standard velocity field is shown in Fig. 11. It is calculated by the first and second 2D standard 
images that exists in the web site (http://piv. vsj. or.jp/piv/image.html) (Okamoto et al., 1997). The 
velocity field is the 16 pixel × 16 pixel vectors calculated by PIV correlation method. The 
multiresolution results calculated by the Neumann type, the Diricret type, the Green function type 
and Daubechies basis function of 4th order are shown in the Figs. 12(a) - (d). These figures typically 
show the levels 1 and 3 of the modal wavelet transform and the levels 1 and 2 of the discrete wavelet 
transform. On the whole, the standard velocity field can be analyzed from the low to high level, can 
be extracted from the low to high frequency. In each basis function, the same component are 
extracted for the x direction in the level 1, and in the level 3 of modal wavelet transform or the level 2 
of the discrete wavelet transform. Next, CL  calculated by integrated multiresolution is shown in Fig. 
13. As a result, Neumann type, Green function type and Daubechies basis function of 4th order are 
the high values in the integrated low level from the level 1 to 7. This shows that the low frequency 
elements were extracted accurately by Neumann type and Green function type. And, RMSxL and 
RMSyL calculated by the integrated multiresolution are shown in Figs. 14 (a) and (b). As for RMSxL, 
the Neumann, the Green function types and Daubechies basis function of 4th order exhibit the low 
values from the integrated level 1 to 8. This indicates that the low frequencies are extracted 
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accurately. On the other hand, the Diricret type exhibit the high value from the integrated level 3 to 9. 
This implies  that the low frequency can not be extracted accurately. 

According to the result of analyzing the standard velocity field, the Neumann type and the 
Green function type have the same characteristic as typical Daubechies function of 4th order. 
Because the Diricret type has the different characteristic in the low level, the optimum basis function 
of the modal wavelet transform is the Neumann type or the Green function type. 
 
 
 
 
 
 
 
 
                                                            (a) Neumann                                             (b) Dirichlet 
 
 
 
 
 
 
 
 
                                                       (c) Green Function            (d) Daubechies function of 4th order 

Fig. 12. Multiresolution of standard PIV velocity field. 
  
 
 
 
 
 
 
 
 
 
 
 
 
                                                          (a) Root mean square of (b) Root mean square of 
                                                          x component                   y component 
                                                                          Fig. 14. RMS of integrated multiresolution of standard PIV 
                                                                          velocity field. 

4. Application to Experimental PIV Vector Field 
The experimental setup shown in Fig. 15 is composed of a vertical pipe, a compressor, a controller of 
the compressor, a laser sheet, two CMOS cameras, a pulse generator and a computer. The acrylic 
vertical pipe is 600 mm height, the inside diameter is 100 mm. The compressor provides the 
compressed air and the smoke including the tracer particles, and the flow rate can be adjusted by the 
controller. The light source of the laser sheet is Nd-YAG, and its output is 120 mJ. The Megaplus 
made by Kodak is used as the CMOS camera and its resolution is 1008 pixel × 1018 pixel. To 
simultaneously conduct irradiation of the laser sheet and photographing by the CMOS cameras, the 
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pulse generator LC880 and the application software Labview were used. And the compressed air 
including the smoke were supplied from the vertical pipe bottom at the flow rate of 2.43 × 10-3 m3/sec 
and the mean velocity was about 0.38 m/sec and Reynolds number Re = 2500. The velocity field of 
resolution 16 pixel × 16 pixel were obtained from sequential photographs from 1 �t sec to 180 �t sec 
by correlation method. The instantaneous velocity field at 30 �t sec is shown in Fig. 16 as a 
representative. 

CL calculated from the integrated multiresolution is shown in Fig. 17. As a result, CL of all 
types indicate particular high correlation value. And RMSxL and RMSyL calculated by the integrated 
multiresolution are shown in Figs. 18(a) and (b). As for RMSxL, the Neumann type has the smallest 
value. However, the values of the other types are very high irrespective of the integrated level. With 
regard to RMSyL, the Neumann type has the smallest value. However, the values of the other types 
are very high irrespective of the integrated level. The Neumann type has similar characteristic of 
Daubechies basis function of 4th order; whereas, the Diricret type, the Green function type. As a 
result of analyzing one example of experimental PIV velocity field, the Neumann type is considered 
as the optimum basis function because RMS is the smallest irrespective of the integrated level. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  
 
 
 
  
 
 

Fig. 15. Experimental setup.                                Fig. 16. Instantaneous velocity image. 
 
 
 
 
 
 
 
 
 
 
 
 
                                                      (a) Root mean square  of (b) Root mean square of 
                                                      x component                  y component 
                                                Fig. 18. RMS of integrated multiresolution of 
                                                experimental PIV vector field. 
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5. Conclusions 
The flow characteristics were extracted from the pseudo and experimental PIV velocity field by the 
integrated multiresolution of the modal wavelet transform and the discrete wavelet transform of the 
Daubechies function of 4th order. The Neumann, the Diricret and the Green function types are used 
for the basis function of the modal wavelet transform. The followings results can be included. 

1) By analyzing a pseudo axial velocity field, the Neumann type has the highest correlation of 
integrated multiresolution and the lowest root mean square of integrated multiresolution. The 
values of the correlation and the root mean square are close to that of the typical Daubechies 
basis function of 4th order. 
2) When analyzing a pseudo velocity field of eddy, the all basis functions have the similar 
values of the correlation and the root mean square of integrated multiresolution. 
3) With analyzing a standard PIV velocity field, the Neumann type and Green function type 
have the highest value of the correlation and the lowest value of root mean square of the 
integrated multiresolution. The values of the correlation and the root mean square are close to 
that of the typical Daubechies basis function of 4th order. 
4) From the result of analyzing one example of experimental PIV vector field. All types do not 
have large difference of the correlation. The Neumann type has the smallest value of root mean 
square of the integrated multiresolution. Overall, the optimum of the modal wavelet transform 
is the Neumann function. 
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